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Abstract
In this article we give characterisations for a topological space constructed by special resolutions to
be metrisable and discrete, respectively. We show how nice topological properties can be completely
destroyed by resolutions.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The method was introduced by Fedorcˇuk [3] and developed by Watson [10]. A lot
of results of great importance have been obtained using this method. Among them; an
example of a compact space X with different dimensions (covering dimension dimX = 2
and inductive dimensions satisfying 3  indxX  4 for every x ∈ X) in [3], consistent
examples of non-metrisable compact spaces with hereditarily separable finite powers in [7],
and a CH example of a regular space X with a countable network and different dimensions
(dimX = 1 and indX = IndX  2) in [1].
Definition 1. Let X and Yx be non-empty topological spaces and fx :X \ {x}→ Yx be a
continuous function for each x ∈X. The point set is Z =⋃{{x} × Yx : x ∈X}.
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Define projections π :Z→X by π(x, y)= x and σx :Z→ Yx by
σx
(
x ′, y
)=
{
y if x ′ = x,
fx(x
′) if x ′ 
= x.
Take any z ∈ Z. Let π(z)= x ∈ U an open subset of X and σπ(z)(z) ∈W , an open subset
of Yx . We define a typical element of a local base for Z at z to be
U ⊗W = π−1(U)∩ σ−1x (W).
We say U ⊗W is based on the point z (or x when it is more convenient to talk about points
in X).
Conventions. Conventions, assumptions and terminology used throughout this paper
are:
(1) X is always a non-empty T1 topological space,
(2) {x} × Yx is identified with Yx ,
(3) X is referred to as a “base” space and Yx as a “fibre”,
(4) “resolve X” means apply the process in Definition 1 to X,
(5) a “resolution” or “Z” is the topological space one obtains after applying the above
process to X.
Useful Facts. Extensive use is made throughout this paper of the following observations:
(1) the topology on {x} × Yx as a subspace of Z is the same as the topology on Yx via
a natural embedding,
(2) {x} × Yx is a closed subspace of Z,
(3) the set ({x} × W) ∪⋃{{x ′} × Yx ′ : x ′ ∈ U ∩ f−1x (W)} can also be given as the
definition of U ⊗W ,
(4) π and σx are continuous since σ−1x (W)=X⊗W , π−1(U)=U ⊗ Yx .
We will use both forms of U ⊗W interchangeably.
Let Λ denote the set {x ∈X: |Yx |> 1}. For points in X \Λ it is assumed that they are
resolved into a one point space by constant maps. A subset of X is called Fσ -discrete if
it can be represented as a union of countably many closed discrete subsets of X; so an
Fσ -discrete set need not be discrete.
2. Metrisability
2.1. σ -locally finite families
Proposition 2. Assume X is a metrisable space and Λ is a Fσ -discrete subset of X and
each Yx has a σ -locally finite base. Then Z has a σ -locally finite base.
Proof. The proof follows that of the corresponding proposition for general resolutions (a
generalisation of special resolutions) in [8], except that here we do not have to take care of
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the variable J in the special resolution case. So now the locally finite family we construct
is
Lijk = {B(x, j)⊗W : W ∈ Y ix , x ∈Ck},
where all symbols mean what they did for the corresponding proposition in [8]. The family
Z ik = {π−1(U \ Ck): U ∈ X i} is also locally finite and ⋃(Lijk ∪ Z ik) is a basis for the
special resolution topology. ✷
Corollary 3. Assume X is a metrisable topological space and each topological space Yx
has a σ -locally finite base. If Λ is a closed discrete subset of X then Z has a σ -locally
finite base.
Corollary 4. Assume X is a metrisable space and each Yx has a σ -locally finite base. If
Λ is a countable subset of X then Z has a σ -locally finite base.
2.2. Non-metrisable special resolutions
Definition 5. If a topological space (X, τ) is resolved at each x ∈X into a space (Yx, τx)
by continuous mappings fx :X \ {x}→ Yx , then the boundary of Yx , denoted by Bd(Yx)
is
Bd(Yx)=
{
y ∈ Yx : ∀U ∈ τ, x ∈ U, (x, y) ∈ cl
(
π−1
(
U \ {x}))}.
The interior of Yx denoted by intYx is the set Yx \ Bd(Yx).
This definition says that y ∈ Yx is a boundary point if and only if for every open sets
U ∈ τ and W ∈ τx such that x ∈ U , y ∈W we have U ∩ f−1x (W) 
= ∅.
Lemma 6. If each Bd(Yx) is compact then π is a closed map.
Proof. The proof is a variation of the Kuratowski Theorem [2, Theorem 3.1.16]. Take any
closed subset F ⊂Z. We will show that π(F) is closed by showing that X \ π(F) is open
in X. Choose any x ∈ X \ π(F). It suffices to find an open U ⊂ X with x ∈ U such that
π−1(U) ∩ F = ∅. As x ∈ X \ π(F) we have {x} × Yx ⊂ Z \ F . For every y ∈ Yx the
point (x, y) has a neighbourhood of the form Uy ⊗Wy ⊂ Z \F where each Uy is an open
set in X containing x . Since Bd(Yx) is compact there exists a finite set {y1, . . . , yk} such
that
{x} ×Bd(Yx)⊂
⋃
ik
(Uyi ⊗Wyi ).
Let U =⋂ik Uyi , W =⋃ik Wi and W ′ = Yx \W . Note that Yx =W ∪W ′. Since, in
particular, Uyi ∩ f−1x (Wyi ) ∩ π(F) = ∅ for every i  k therefore U ⊗W ∩ F = ∅. Also
U ⊗ (intYx)= {x}× intYx is clearly disjoint from F . Because the union of these two sets,
each disjoint from F , is U ⊗ Yx = π−1(U) we are done. ✷
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Proposition 7. A resolution of a topological space X is always non-metrisable if Bd(Yx)
is compact for each x and Λ is not Fσ -discrete.
Proof. Suppose Z is metrisable; choose a metric d on Z. For each x ∈Λ we choose an
integer nx ∈ ω as follows. Choose distinct z∗, z′ ∈ {x} × Yx and let nx ∈ ω be such that
1
nx
< d(z∗, z′). Define Cn = {x ′ ∈Λ: nx ′ = n} for n ∈ ω. Since Λ is not Fσ -discrete, then
Cn is either not discrete or is not closed for some n ∈ ω. Thus, Cn has an accumulation
point x , i.e., x ∈ clX(Cn). By Lemma 6 π is closed; and Z is assumed metrisable. By the
Hanai–Morita–Stone Theorem X is metrisable. Thus, there is a sequence 〈xi〉 in Cn which
converges to x such that xi 
= x for every i ∈ ω.
Since Bd(Yx) is a compact subset of a metric space the sequence 〈fx(xi)〉 has a
subsequence converging to some y ∈ Yx . By passing to this subsequence if necessary, we
may assume that 〈fx(xi)〉 converges to y .
LetU⊗W be any basic open neighbourhood of z= (x, y); without loss of generality we
can assumeU⊗W is based on z since we have a local base. Then x ∈U and y ∈W so there
is an m ∈ ω such that xi ∈U ∩f−1x (W) and (xi, ηi) ∈
⋃{{x ′}×Yx ′ : x ′ ∈U ∩f−1x (W)} ⊂
U ⊗W for every i m. So the sequence 〈(xi, ηi)〉 in the resolution space converges to z,
whatever ηi ∈ Yxi may be. We now show that this fact is violated.
Consider two distinct sequences 〈z∗i 〉 and 〈z′i〉 in π−1(Cn) that converge to z such that
z∗i 
= z′i and π(z∗i )= π(z′i )= xi and z∗i and z′i are as in the definition of nxi ; 1nxi < d(z
∗
i , z
′
i )
for every i ∈ ω. Let Bε(z) be the open ball in Z of radius ε and centred at the limit point z.
We have 1
n
< d(z∗i , z′i ) d(z∗i , z)+ d(z, z′i ) < ε for all but finitely many i ∈ ω. We obtain
a contradiction by choosing ε = 1
n
. ✷
A space is ω1-compact if there are no uncountable closed discrete subsets of the space.
Corollary 8. Let Bd(Yx) be compact for each x . If X is ω1-compact and Λ is an
uncountable subset of X then every resolution space of X, is non-metrisable.
2.3. Metrisable special resolutions
Proposition 9. IfX and each Yx are metrisable spaces andΛ is a Fσ -discrete subset ofX,
then the special resolution space is metrisable irrespective of the functions fx .
Proof. The resolution space has a σ -locally finite base by Proposition 2. Delistahis
proved in [1] that if X and each Yx are regular spaces, then the resolution space
is regular. Therefore Z is metrisable by the Nagata–Smirnov metrisation theorem [2,
Theorem 4.4.7]. ✷
Theorem 10 (Hanai–Morita–Stone). For every closed mapping f :Z→X of a metrisable
space Z onto a space X, the following are equivalent:
(1) The space X is metrisable.
(2) The space X is first countable.
(3) For every x ∈X the set Bd(f−1(x)) is compact.
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Theorem 11. Suppose Bd(Yx) is compact for each x . The following are equivalent:
(1) The resolution space of X is metrisable.
(2) The space X is metrisable and Λ is a Fσ -discrete subset of X and Yx is metrisable
for each x .
Proof. (2) ⇒ (1) by Proposition 9. (1) ⇒ (2). As a subspace of Z, each {x} × Yx is
metrisable. The set Λ is Fσ -discrete by Proposition 7.
Use the fact that Bd(Yx) is compact, Lemma 6, and the Hanai–Morita–Stone Theorem
to conclude that X is metrisable. ✷
If we remove the requirement that Bd(Yx) be compact, then the resulting resolution
space may be metrisable or non-metrisable. In Example 22 the resolution space is not even
normal.
A subset E of a topological space P is a zero set if E = f−1(0) for some function
f :P →[0,1]. The complement of a zero set is called a cozero set.
Theorem 12. Let X be a topological space. If for every x ∈X there is a cover of X \ {x}
that is σ -discrete in X \ {x}, consisting of cozero sets in X \ {x}, none of which have x in
their closure, then X has a metrisable resolution.
Proof. Let x ∈X and suppose U =⋃n∈ω Un is a σ -discrete cover of X \ {x}, where each
Un is discrete consisting of cozero sets in X \ {x} and do not contain x in their closure. Let
κn = |Un| and let {Un,α : α ∈ κn} be an enumeration of Un. Let J (κn) denote a hedgehog
with κn many spines (see [2, Example 4.1.5]) with the endpoint {0} of each unit interval
identified to a point which we denote by 0 and let O = 〈{n} × 0: n ∈ ω〉. We now take
Yx =∏n∈ω J (κn) \O and define fx :X \ {x}→ Yx in the following way.
Let each map in the family {hn,α : n ∈ ω, α ∈ κn} witness the corresponding Un,α
as being cozero, i.e., for every n ∈ ω and α ∈ κn there exists a continuous function
hn,α :X \ {x} → [0,1]α (where [0,1]α denotes the unit interval identified with the αth
spine of the hedgehog space J (κn)) such that X \Un,α = h−1n,α(0). Let x ′ ∈X \ {x}. Then
x ′ ∈ Un,α for some n and α. Since Un is discrete x ′ /∈ Un,β for every β 
= α. Thus in each
hedgehog x ′ gets mapped by hn,β to the interior of at most one spine and to zero on all other
spines. This motivates the definition of the fx :X \ {x}→ Yx as fx(x ′)= 〈g(n, x ′): n ∈ ω〉,
where
g
(
n,x ′
) =
{
hn,α(x
′) if x ′ ∈Un,α ,
{n} × 0 if x ′ /∈Un,α for any α.
Showing {x} × Yx is open in Z, will mean the resolution is a free union of the {x} × Yx
and therefore metrisable. To show that {x} × Yx is open in the resolution space, take any
y = 〈yn ∈ J (κn): n ∈ ω〉 ∈ Yx . As O /∈ Yx there is some component of y , call it ym, in the
interior of a spine of J (κm), the mth hedgehog in the product.
Choose an open interval Wym containing this ym. Let V =
∏
n∈ωVn where Vn =Wym
when n =m and J (κn), otherwise. Then V is a basic open set in Yx . Now h−1m,α(Wym) ⊆
Um,α . The set Ux = X \ cl(Um,α) is an open neighbourhood of x as x /∈ cl(Um,α). Then
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Ux ∩ h−1m,α(Wym) = ∅ and so Ux ∩ f−1x (V ) = ∅. The set Ux ⊗ V = {x} × V gives the
required result. Since Yx is a subspace of a metrisable space it is metrisable, and the
resolution space as a free union of metrisable spaces is metrisable. ✷
Note that Z is metrisable because it is a free union of open (actually clopen) metrisable
fibres Yx . A topological space X can always be resolved into a free union of X \ {x} or
even a free union of Ux \ {x} assuming X satisfies the T1 separation axiom.
Question 1. Does X have a metrisable resolution but not one in which each fibre is a
clopen set?
If X has such a resolution then the converse of Theorem 12 does not hold.
There are many examples of metrisable resolution spaces of non-metrisable base spaces.
Example 13. Assume X is a space in which each singleton is a cozero set. Then X has a
metrisable resolution.
Construction. Resolve each point in X into the real line, i.e., let Yx =R for every x ∈X.
As every singleton is a cozero set, there exists a continuous function hx :X→[0,1] such
that {x} = h−1x (0). Let fx(y)= 1hx (y) for any y ∈ X \ {x}. It is immediate that the family{fx : x ∈X} gives a resolution of X into a discrete union of copies of R.
Remark 14. Not every regular space has a metrisable resolution.
Example 15. The regular ordinal space ω1 + 1 does not have a metrisable resolution.
Proof. Let fω1 :ω1 → Yω1 where Yω1 is a metrisable space be a continuous function. Then
fω1 is eventually constant with value y ∈ Yω1 say. Now, however, the non-isolated point
(ω1, y) is in the closure of ω1 but not in the closure of any countable set. ✷
Note that performing two resolutions one after the other can turn ω1 into a discrete space
whereas a single resolution cannot.
3. Fully closed maps and normality
Given spaces P and Q and a map f :P →Q and T ⊂ P , let f #T = {q ∈Q: f−1(q)⊂
T }. The mapping f is called fully closed if for any x ∈Q and any finite cover U of f−1(x)
by sets open in P , the set {x} ∪⋃U ∈U f #U is open in Q.
Fully closed maps were first introduced by Fedorcˇuk [4] as a class of closed mappings
which do not reduce dimension. These were used by him to construct a compact space
satisfying the first axiom of countability which cannot be split by a set of smaller
dimension.
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Fully closed maps are closed mappings. Let F be any closed set in P . We will show
that f (F ) is closed in Q by showing that Q \ f (F ) is open. Take any x ∈Q \ f (F ). Then
f−1(x) is covered by the open set P \F , so by fully closed {x} ∪ f #(P \F) is open in Q
and is contained in Q \ f (F ). Thus, f (F ) is closed.
A continuous mapping f :Z → X is perfect if f is a closed mapping and all fibres
f−1(y) are compact subsets of Z (some authors require that Z be a Hausdorff space [2,
Section 3.7]). An Alexandroff–Tucker space (AT) is one in which an arbitrary intersection
of open sets is open.
Lemma 16. For every topological space X, sets are open in X⇔ they are closed in X, is
equivalent to: X is regular and satisfies AT.
Proof. (⇐). In a regular AT space, every closed set is open: given C closed, for every
x ∈ X \ C there exists an open neighbourhood Vx such that x ∈ Vx ⊂ cl(Vx) ⊂ X \ C.
Then X \C =⋃x∈X\C cl(Vx), which is closed as X is AT. Therefore X \C is closed or C
is open.
(⇒). Take any collection of open sets. Then the intersection is also an intersection
of closed sets and is therefore closed, and hence open. So X is AT. For regularity, take
any x ∈ U , where U is any open subset of X. As U is open, it is also closed. Thus,
x ∈ U ⊂ cl(U)=U . ✷
Every regular, AT, T1 space is discrete since singletons are closed and therefore open.
Proposition 17. Let Z be a topological spaces and let X be a discrete topological space.
Let f :Z→X be a closed map. Then every f−1(x) is normal ⇔ Z is normal.
Proof. (⇐). Each f−1(x) as a closed subspace of Z is normal.
(⇒). Since X is discrete each {x}×f−1(x) is open in Z and therefore Z is a free union
of normal spaces and therefore normal. ✷
The following proposition was proven by van Dam in [9].
Proposition 18. If π :Z→X is a closed map and |Bd(Yx)| 1 for every x ∈Λ then X
and each Yx is normal ⇔ Z is normal.
We now introduce a property of the projection map π which is sufficient to ensure a
“brute force” preservation result for normality of resolved topological spaces.
(.) let π :Z→X be the projection map. For every closed disjoint F1,F2 ⊂Z such that
D = π(F1)∩π(F2), there are open sets U1,U2 ⊂X such that π(F1) \D ⊂U1 and
π(F2) \D ⊂U2 and cl(U1) ∩ cl(U2)∩D = ∅.
Proposition 19. Let X be a topological space and let Z be a special resolution of X. Let
π :Z→ X be a perfect, fully closed map such that Λ is Fσ -discrete, X is a T1, regular
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collectionwise Hausdorff space, and property (.) is satisfied by π . Then X is normal and
each Yx is normal if and only if the resolution space Z is normal.
Proof. (⇐). Since π is a fully closed map it is therefore closed. Normality is preserved
by closed maps [2, Theorem 1.5.20] so X is normal. Each Yx as a closed subspace of Z is
normal.
(⇒). Let F1 and F2 be any two disjoint closed sets in Z. Since π is closed, π(Fi) is a
closed set for i = 1,2. There are two cases:
(1) π(F1) ∩ π(F2)= ∅. Then, as X is normal, there are disjoint open sets U1,U2 such
that π(F1)⊂U1 and π(F2)⊂U2, and {π−1(U1),π−1(U2)} is a separation of {F1,F2}.
(2) π(F1) ∩ π(F2) 
= ∅. Since π is a perfect fully closed map, D = π(F1) ∩ π(F2) is
discrete by [5, Theorem 1]. As π is a closed map, D is also a closed set. Since there is a
separation {U1,U2} for {π(Fi)\D: i = 1,2} by property (.), the sets π−1(Ui) are disjoint
open sets in Z covering Fi \ π−1(D), respectively. We now find disjoint covers for the
part of the Fi whose projections have non-empty intersection. Since D is a discrete set for
every x ∈D choose Ux such that Ux ∩D = {x} and the set {Ux : x ∈D} is a separation
for D. The Fi ∩ Yx are disjoint closed sets in the normal space Yx , so there exist disjoint
open sets Wi,x ⊆ Yx such that Fi ∩ Yx ⊆Wi,x for each i ∈ {1,2}.
Let
Ui,x =Ux \ cl(Uj )
where i, j ∈ {1,2} and i 
= j . For every x ∈D, we define an open set Vi,x =Ui,x ⊗Wi,x in
Z based on x , which meets π−1(D) ∩ Fi but misses π−1(Uj ) for i 
= j . Let
Ti =
(⋃
x∈D
Vi,x
)
∪ π−1(Ui) for i = 1,2.
Claim. F1 ⊂ T1, F2 ⊂ T2 and T1 ∩ T2 = ∅.
We need to show three things to get T1 ∩ T2 = ∅.
(a) π−1(U1) ∩ π−1(U2)= ∅,
(b) V1,x ∩ V2,y = ∅ for every x, y ∈D,
(c) Vi,x ∩ π−1(Uj )= ∅ for every x ∈D and for every i, j ∈ {0,1}, i 
= j .
Since U1 ∩U2 = ∅,
π−1(U1) ∩ π−1(U2)= ∅
follows immediately. For (2), if x = y then W1,x ∩W2,x = ∅ by definition. So f−1x (W1,x)∩
f−1x (W2,x)= ∅. Then V1,x ∩ V2,y = ∅. If x 
= y then Ux and Uy are disjoint and therefore
so are U1,x and U2,y and hence V1,x and V2,y are disjoint. For (c) simply note that U1,x
and U2 are disjoint and that U2,x and U1 are disjoint. ✷
Corollary 20. Assume π :Z → X is a perfect, fully closed map and Λ is Fσ -discrete.
Let X be a regular, T1 collectionwise Hausdorff space and let X and π satisfy property (.).
Then X and each Yx are hereditarily normal if and only if Z is hereditarily normal.
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The requirement that Λ be Fσ -discrete in Proposition 19 and Corollary 20 was added to
eliminate potential counterexamples such as Example 22 in Section 4.
4. A non-normal manifold
Recall Definition 5 of the interior of the space Yx . The following lemma is found in [10].
Lemma 21. The resolution of a space X is separable, if and only if the space X is
separable and all but countably many of the spaces Yx have empty interior and all spaces
Yx have separable interior.
Example 22. There exists a non-normal resolution of X the unit square and Yx , the non-
negative real line, for each x in [0,1] × {0}.
Construction. Let x ∈ [0,1] × {0} and choose a sequence 〈xn〉 in [0,1] × {0} converging
monotonically to x such that xn < xn+1 for every n ∈ ω. (If x = 0 then we choose
a sequence converging monotonically to x from above in [0,1] × {0}). For each real
number r ∈ [x0, x) let Br be the open disc with diameter |r − x| > 0 such that x, r ∈
Bd(Br ) ∩ [0,1] × {0}. For x > 0 let B ′r denote the mirror image of Br about x along
[0,1] × {0}. The set
Gr =
{
Bd(Br )∩X if x ∈ {0,1},(
Bd(Br)∪Bd
(
B ′r
))∩X if x ∈ (0,1)
is the outline of a cusp centred at x and the set
Hr =
{
Br ∩X if x ∈ {0,1},(
Br ∪B ′r
)∩X if x ∈ (0,1)
is the planar region under this cusp.
We define a continuous function fx :X\{x}→R by fx(X\Hx0)= 0 and fx(Gr)= n+
ξ for every real number r ∈ [xn, xn+1) and for every n ∈ ω where ξ = |r − xn|/|xn+1 − xn|.
When r = xn we have fx(Gxn)= n.
For any open set U in X containing x and any open set W in Yx the set U ∩f−1x (W) 
= ∅
so each Yx has empty interior and therefore Z is separable.
Given any ξ , where 0 < ξ < 1, the interval (n − ξ, n + ξ) is an open neighbourhood
of the integer n in the real line. Since f−1x (n+ ξ) =Gr for some real r ∈ [xn, xn+1), let
Bδ(x) be the open disc centred at x with radius δ < |r − x|.
The wings in Fig. 1 do not intersect Λ and therefore lie in the part of the resolution space
that is homeomorphic to X \Λ. So an open neighbourhoodBδ(x)⊗ (n− ξ, n+ ξ) in Z is a
union of the interval {x}× (n− ξ, n+ ξ) in {x}×Yx together with the wings and therefore
contains only (x,n) of [0,1] × {0}×ω. So ω is a discrete set in Z and their free union for
x ∈ [0,1] × {0} is a discrete set with cardinality c in a separable space. This resolution is
not normal, by Jones’ Lemma [6, Lemma 3.5].
The next lemma comes from [9].
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Fig. 1. Wings.
Lemma 23. The resolution of X is countably compact if X is countably compact and each
Yx is countably compact.
The next lemma is [10, Theorem 3.1.33].
Lemma 24. Spaces X and each Yx are compact if and only if the resolution space is
compact.
Lemma 25. Let X and each Yx be first countable topological spaces. Then the resolution
space of X is also first countable.
Proof. For any x ∈X and y ∈ Yx let U = {Ui} and V = {Vi} be countable bases at x and y
such that Ui+1 ⊆Ui and Vi+1 ⊆ Vi for every i < ω. Then {Ui ⊗Vi : i < ω} is a base at the
point (x, y). We must show that for any open set G ⊂ Z and any (x, y) ∈G, there is an
i ∈ ω such that (x, y) ∈Ui ⊗ Vi ⊂G.
There exists a basic open set U ⊗V based on the point (ζ, ξ) (more precisely ζ ∈ U,ξ ∈
V ⊂ Yζ ) such that (x, y) ∈U ⊗ V ⊂G.
(1) ζ = x (U ⊗V is based on (x, y)). Then there exists a Vj ∈ V such that y ∈ Vj ⊂ V +
and there exists Ui ∈ U such that x ∈ Ui ⊂ U . Let k = max(i, j). Thus (x, y) ∈
Uk ⊗ Vk ⊂U ⊗ V ⊂G.
(2) ζ 
= x . As X is T1, U \ {ζ } is open in X. So there is a Ui ∈ U such that x ∈ Ui ⊂
U \ {ζ } and Ui ⊂ f−1ξ (V ). Again (x, y) ∈ Ui ⊗ Vi ⊂Ui ⊗ Yx ⊂U ⊗ V ⊂G. ✷
Remark. Example 22 is a non-normal compact manifold.
5. Discrete resolutions
Lemma 26. If each Yx is a discrete space and x /∈ cl(f−1x (y)) for each y ∈ Yx if and only
if the resolution space is discrete.
Proof. (⇐). Let y ∈ Yx and suppose x /∈ cl(f−1x (y)). Since Yx is discrete let Wy =
{y} a clopen set in Yx so f−1x (y) is clopen in X \ {x} and hence closed in X. Then
(X \ f−1x (y))⊗ {y} = {(x, y)} and since it is an arbitrary point the resolution is discrete.
K. Richardson, S. Watson / Topology and its Applications 122 (2002) 605–615 615
(⇒). If Z is discrete then so is Yx as a subspace of Z. Choose any x ∈X and any y ∈ Yx .
Suppose x ∈ cl(f−1x (y)). Then (x, y) is a non-isolated point and hence not open in Z. This,
of course, is a contradiction. ✷
Proposition 27. The following are equivalent for a topological space X:
(1) X has a discrete resolution.
(2) For every x in X there is a disjoint family K of clopen sets in X satisfying⋃K=X \ {x}.
Proof. (1) ⇒ (2). For every x ∈ Λ let Yx be the topological space which, together
with X and each fx , builds the discrete resolution of (1). Since every Yx is discrete its
singletons are clopen in Yx . Since fx is a continuous function K = {f−1x (y): y ∈ Yx} is
a disjoint family of clopen subsets in X \ {x}. If x ∈ cl(f−1(y)), then every basic open
neighbourhood of (x, y) has other points of the resolution space in it, contradicting the
assumption that the resolution was discrete, so x /∈ cl(f−1x (y)) and the members of K are
clopen in X. Since K consists of subsets of X \ {x} we have ⋃K ⊂ X \ {x}. For every
x ′ ∈X \ {x} there is some y ∈ Yx such that x ′ ∈ f−1(y) and so ⋃K=X \ {x}.
(2) ⇒ (1). Let Yx be a discrete space with cardinality |K|. Define fx to be the
function that takes distinct elements of K to distinct points of Yx . Then fx is continuous
and for every y ∈ Yx , the set f−1x (y) = K for some K ∈ K, is clopen in X \ {x}. So
x /∈ f−1x (y)= cl(f−1x (y)) and by Lemma 26 the resolution of X is discrete. ✷
Example 28. Let X be a discrete space. Then the Alexandroff one-point compactification
ωX satisfies 2 of Proposition 27 so X has a discrete resolution.
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